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as Eq. (3) obtained by the first approach; Turbulent Wake of an Axisymmetric,
(26) Self-Propelled Body

The force due to the segment motion without applying the
assumptions used to get Eq. (18) is obtained by applying the
relationship (14) to (12),

The coupling coefficients in Eq. (27) are zero as described
previously. The force due to the motion of the segment in still
water, Eq. (27) obtained by the potential flow theory is
exactly the same as Eq. (4) obtained by the first approach

Gjeiuot=xy (28)

In summary, the two approaches give idential equations of the
hydrodynamic forces on the platform segment in the (x,y,z)
coordinate with the assumptions made to get Eq. (18).
Without these assumptions, the second approach8 is more
general than the first approach. However, the computed
results by the two approaches for a floating platform in waves
in the (x,y,z) coordinate system can be compared with
caution. There are the hydrodynamic interferences at the
joints of the vertical and horizontal segments and between the
adjacent segments. The hydrodynamic interferences at the
joint can generate a three-dimensional flowfield. For the
three-dimensional hydrodynamic interferences at the joints,
the equations of the diffraction force and motion-dependent
force should use the added mass and damping coefficients
which take into account the hydrodynamic interferences at the
joints: if the interferences are strong, theory may not be valid.
The first approach, within the framework of the theory9 can
be compared to the second approach with the computed
results which take into account the hydrodynamic in-
terferences. For this reason the computed results by Kim8 can
be compared to the first approach only with caution. It is
noted that both approaches have been applied to many plat-
form problems with reasonably good accuracy of the com-
puted results.
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Nomenclature
constants
length scale
turbulent velocity scale
measured maximum turbulent intensity
at a given axial position
freestream velocity
Reynolds stress
velocity defect scale
mean axial velocity
measured length scale
radial, axial coordinate
kinematic eddy viscosity

Introduction

THOUGH free turbulent shear flows have been inves-
tigated extensively, both analytically and experimentally,

comparatively little analytical work has been done in study-
ing the wakes of bodies with hydrodynamic self-
propulsion.1 A very complete experimental study was done,
however, in which the wake of a totally immersed, axisym-
metric, self-propelled body was simulated in an air tunnel
using a concentric nozzle and disk. The results, reported by
Naudascher,2 provide enough data to check the validity of
proposed hypotheses of the wake behavior and also the
corresponding analytical solutions. One important conclusion
from the data was that various flow characteristics, such as
mean velocity, turbulence intensity and turbulent Reynolds
stress, attained a self-preserving form. Thus, a self-
preservation hypothesis seems justified as the basis for an
analytical approach to the problem. That is, the flow charac-
teristics may be assumed invariant along the wake axis if ex-
pressed in terms of appropriate length and velocity scales.
Similarity solutions of this type are given by Birkhoff and
Zarantonello,3 and Tennekes and Lumley4 in which one
length and one velocity scale are used. The results indicate
that the length scale should have the form C,z//5, while the
velocity scale should vary as C2z~4/5 '. No analytical ex-
pression, however, was given for the corresponding mean
velocity profile in the axisymmetric case.

When these classical results are compared with
Naudascher's data, plotted in Fig. 1, it is seen that the pre-
dicted axial dependence of the length scale is roughly the same
as the data. The expression for the velocity scale, on the other
hand, agrees well with the observed data for the turbulence in-
tensity, but not with the mean velocity defect. In fact, as
pointed out by Schetz and Favin,1 Naudascher's data show
that the turbulence intensity and the velocity defect do not
vary axially in the same way, thus distinguishing this case
from more conventional wake flows.

In this Note, therefore, a new similarity solution is
developed in which two velocity scales are used — one for the
mean velocity defect and one for turbulent velocity fluc-
tuations. Expressions for the mean velocity profile as well as
the velocity and length scales are developed.

Received February 24, 1975; revision received June 9, 1975.
Index category: Jets, Wakes, and Viscid-Inviscid Flow Interactions.
*Postdoctoral Research Associate, Mechanics Research Lab.



OCTOBER 1975 ENGINEERING NOTES 173

(uV) /Uoxl0
"max/Do
r|/2/d XIO"1

0.41 z345

Fig. 1 Length and velocity scales from Naudascher.

Proposed Similarity Solution
Using boundary-layer approximations modified for wake

flows with slow lateral spreading, the momentum equation
may be written as5

U0(dUz/dz)+l/r(d/dr)r<u'ruz>=0 (1)

Next a similarity or self-preservation hypothesis for the
wake structure and an eddy viscosity model for the turbulent
shear will be employed in the following manner:

(U0-Uz/Ud)=f(r/n=f(Z),-<u'ru'z>

(2)

where

and

= velocity defect scale

?=? (z) = length scale

u'm = u'm(z} = turbulent velocity fluctuation scale (3)

The velocity scale Ud characterizes the evolution of the
velocity defect along the wake axis, while u'm is appropriate to
the random, small-scale fluid motion. Based on Naudascher's
data, an empirical relation between Ud and u'm may be ap-
proximated by

u'm=D(U0Ud)V2 (4)

It has been assumed that the turbulent eddy viscosity depends
on the turbulent fluctuations, rather than on either freestream
velocity or the mean velocity defect.

Substituting the expression for the turbulent shear from Eq.
(2) into Eq. (1), multiplying by r3 , and integrating with
respect to r will give

- —— (U7
7T

U0) (5)

if the conservation of mass flow is taken into account. In
terms of the self-preservation forms of the solution given by
Eqs. (2) and (3), Eq. (5) becomes

( J4 ) f °V/( £ ) df = constantJ o
(6)

The simplified equation of motion, written in terms of the
self-preservation solution and the eddy viscosity model given
by Eq. (2), becomes

Cu'Uri dz Cu'm
dt
—dz

df

(7)

For a similarity solution to exist, the coefficients in paren-
theses in the last two equations must be constants. This
requirement and Eq. (4) are satisfied by

(8)

where A, B, and D are constants.
Substituting the previous expressions for the length and

velocity scales into Eq. (7) will give

f
d2f = 0

(9)

The constant A is determined by Eq. (3), while D must be
such that Eq. (4) is satisfied. The constant B, however, is still
arbitrary. The constant B is made definite by requiring that
the term in brackets in Eq. (9) has magnitude unity. The
resulting differential equation,

(df/d$) + 4f=0

has a solution

so that the mean axial velocity profile is given by

-V2( r/n 2

(10)

(H)

(12)

Discussion
Since the available data for the wake structure of a self-

propelled body indicate that the mean velocity defect and the
turbulent velocity fluctuations do not decay along the axis at
the same rate, the classical approach to obtaining similarity
solutions using one velocity scale is not adequate. The new
similarity solution previously given, which uses two em-
pirically related velocity scales, can be more satisfactorily
compared with the experimental results. Though the predicted
decay rates for the velocity scales are somewhat low, the
analytical results for the length scale f and for the turbulent
shear,

= (ACD(U0A)V2 df
(13)

are in excellent agreement with the data.
It is interesting to note that the turbulent velocity scale and

the characteristic length scale for the self-propelled wake are
similar to, respectively, the velocity and length scales for a
finite momentum, axisymmetric wake.3'4 The axial depend-
ence of the velocity defect scale, on the other hand, is ob-
served to be nearly proportional to the square of the turbulent
velocity scale.
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